The operational characterization of quantum coherence is the corner stone in the development of resource theory of coherence. We introduce a new coherence quantifier based on max-relative entropy. We prove that max-relative entropy of coherence is directly related to the maximum overlap with maximally coherent states under a particular class of operations, which provides an operational interpretation of max-relative entropy of coherence. Moreover, we show that, for any coherent state, there are examples of subchannel discrimination problems such that this coherent state allows for a higher probability of successfully discriminating subchannels than that of all incoherent states. This advantage of coherent states in subchannel discrimination can be exactly characterized by the max-relative entropy of coherence. By introducing suitable smooth max-relative entropy of coherence, we prove that the smooth max-relative entropy of coherence provides a lower bound of one-shot coherence cost, and the max-relative entropy of coherence is equivalent to the relative entropy of coherence in asymptotic limit. Similar to max-relative entropy of coherence, min-relative entropy of coherence has also been investigated. We show that the min-relative entropy of coherence provides an upper bound of one-shot coherence distillation, and in asymptotic limit the min-relative entropy of coherence is equivalent to the relative entropy of coherence.
I. INTRODUCTION
Quantumness in a single system is characterized by quantum coherence, namely, the superposition of a state in a given reference basis. The coherence of a state may quantify the capacity of a system in many quantum manipulations, ranging from metrology [1] to thermodynamics [2, 3] . Recently, various efforts have been made to develop a resource theory of coherence [4] [5] [6] [7] [8] [9] [10] . One of the earlier resource theories is that of quantum entanglement [11] , which is a basic resource for various quantum information processing protocols such as superdense coding [12] , remote state preparation [13, 14] and quantum teleportation [15] . Other notable examples include the resource theories of asymmetry [16] [17] [18] [19] [20] [21] [22] , thermodynamics [23] , and steering [24] . One of the main advantages that a resource theory offers is the lucid quantitative and operational description as well as the manipulation of the relevant resources at ones disposal, thus operational characterization of quantum coherence is required in the resource theory of coherence.
A resource theory is usually composed of two basic elements: free states and free operations. The set of allowed states (operations) under the given constraint is what we call the set of free states (operations). Given a fixed basis, say
i=0 for a d-dimensional system, any quantum state which is diagonal in the reference basis is called an incoherent state and is a free state in the resource theory of coherence. The set of incoherent states is denoted by I . Any as C l 1 (ρ) = ∑ i = j |ρ i j | with ρ i j = i |ρ| j , has also attracted lots of discussions about its operational interpretation [27] . Recently, an operationally motivated coherence measure-robustness of coherence (RoC) -has been introduced, which quantifies the minimal mixing required to erase the coherence in a given quantum state [28, 29] . There is growing concern about the operational characterization of quantum coherence and further investigations are needed to provide an explicit and rigorous operational interpretation of coherence.
In this letter, we introduce a new coherence measure based on max-relative entropy and focus on its operational characterizations. Max-and min-relative entropies have been introduced and investigated in [30] [31] [32] [33] . The well-known (conditional and unconditional) max-and min-entropies [34, 35] can be obtained from these two quantities. It has been shown that max-and min-entropies are of operational significance in the applications ranging from data compression [34, 36] to state merging [37] and security of key [38, 39] . Besides, max-and min-relative entropies have been used to define entanglement monotone and their operational significance in the manipulation of entanglement has been provided in [30] [31] [32] [33] . Here, we define max-relative of coherence C max based on max-relative entropy and investigate the properties of C max . We prove that max-relative entropy of coherence for a given state ρ is the maximum achievable overlap with maximally coherent states under DIO, IO and SIO, which gives rise to an operational interpretation of C max and shows the equivalence among DIO, IO and SIO in an operational task. Besides, we show that max-relative entropy of coherence characterizes the role of quantum states in an operational task: subchannel discrimination. Subchannel discrimination is an important quantum information task which distinguishes the branches of a quantum evolution for a quantum system to undergo [40] . It has been shown that every entangled or steerable state is a resource in some instance of subchannel discrmination problems [40, 41] . Here, we prove that that every coherent state is useful in the subchannel discrimination of certain instruments, where the usefulness can be quantified by the maxrelative entropy of coherence of the given quantum state. By smoothing the max-relative entropy of coherence, we introduce ε−smoothed max-relative entropy of coherence C ε max for any fixed ε > 0 and show that the smooth max-relative entropy gives an lower bound of coherence cost in one-shot version. Moreover, we prove that for any quantum state, max-relative entropy of coherence is equivalent to the relative entropy of coherence in asymptotic limit.
Corresponding to the max-relative entropy of coherence, we also introduce the min-relative entropy of coherence C min by min-relative entropy, which is not a proper coherence measure as it may increase on average under IO. However, it gives an upper bound for the maximum overlap between the given states and the set of incoherent states. This implies that minrelative entropy of coherence also provides a lower bound of a well-known coherence measure, geometry of coherence [6] . By smoothing the min-relative entropy of coherence, we introduce ε−smoothed min-relative entropy of coherence C ε min for any fixed ε > 0 and show that the smooth max-relative entropy gives an upper bound of coherence distillation in one-shot version. Furthermore, we show that the min-relative of coherence is also equivalent to distillation of coherence in asymptotic limit. The relationship among C min , C max and other coherence measures has also been investigated.
II. MAIN RESULTS
Let H be a d-dimensional Hilbert space and D(H ) be the set of density operators acting on H . Given two operators ρ and σ with ρ ≥ 0, Tr [ρ] ≤ 1 and σ ≥ 0, the max-relative entropy of ρ with respect to σ is defined by [30, 31] ,
We introduce a new coherence quantifier by max-relative entropy: max-relative entropy of coherence C max ,
where I is the set of incoherent states in D(H ).
We now show that C max satisfies the conditions a coherence measure needs to fulfil. First, it is obvious that C max (ρ) ≥ 0. And since D max (ρ||σ ) = 0 iff ρ = σ [30] , we have C max (ρ) = 0 if and only if ρ ∈ I . Besides, as D max is monotone under CPTP maps [30], we have C max (Φ(ρ)) ≤ C max (ρ) for any incoherent operation Φ. Moreover, C max is nonincreasing on average under incoherent operations, that is, for any incoherent operation
. Remark We have proven that the max-relative entropy of coherence C max is a bona fide measure of coherence. Since D max is not jointly convex, we may not expect that C max has the convexity, which is a desirable (although not a fundamental) property for a coherence quantifier. However, we can prove that for
Besides, although C max is not convex, we can obtain a proper coherence measure with convexity from C max by the approach of convex roof extension, see Supplemental Material [42] .
In the following, we concentrate on the operational characterization of the max-relative entropy of coherence, and provide operational interpretations of C max .
Maximum overlap with maximally coherent states.-At first we show that 2 C max is equal to the maximum overlap with the maximally coherent state that can be achieved by DIO, IO and SIO. Theorem 1. Given a quantum state ρ ∈ D(H ), we have
where [25, 26] , they have the same behavior in the maximum overlap with the maximally coherent states. From the view of coherence distillation [7] , the maximum overlap with maximally coherent states can be regarded as the distillation of coherence from given states under IO, DIO and SIO. As fidelity can be used to define certain distance, thus C max (ρ) can also be viewed as the distance between the set of maximally coherent state and the set of { E (ρ) } E ∈θ , where θ = DIO, IO or SIO.
Besides distillation of coherence, another kind of coherence manipulation is the coherence cost [7] . Now we study the oneshot version of coherence cost under MIO based on smooth max-relative entropy of coherence. We define the one-shot coherence cost of a quantum state ρ under MIO as
where
|i , Z is the set of integer and ε > 0. The ε-smoothed max-relative entropy of coherence of a quantum state ρ is defined by,
We find that the smooth max-relative entropy of coherence gives a lower bound of one-shot coherence cost. Given a quantum state ρ ∈ D(H ), for any ε > 0,
where ε ′ = 2 √ ε, see proof in Supplemental Material [42] . Besides, in view of smooth max-relative entropy of coherence, we can obtain the equivalence between max-relative entropy of coherence and relative entropy of coherence in the asymptotic limit. Since relative entropy of coherence is the optimal rate to distill maximally coherent state from a given state under certain free operations in the asymptotic limit [7] , the smooth max-relative entropy of coherence in asymptotic limit is just the distillation of coherence. That is, given a quantum state ρ ∈ D(H ), we have
(The proof is presented in Supplemental Material [42] .) Maximum advantage achievable in subchannel discrimination.-Now, we investigate another quantum information processing task: subchannel discrimination, which can also provide an operational interpretation of C max . Subchannel discrimination is an important quantum information task which is used to identify the branch of a quantum evolution to undergo. We consider some special instance of subchannel discrimination problem to show the advantage of coherent states.
A linear completely positive and trace non-increasing map E is called a subchannel. If a subchannel E is trace preserving, then E is called a channel. An instrument I = { E a } a for a channel E is a collection of subchannels E a with E = ∑ a E a and every instrument has its physical realization [40] . A dephasing covariant instrument I D for a DIO E is a collection of subchannels { E a } a such that E = ∑ a E a . Similarly, we can define incoherent instrument I I and strictly incoherent instrument I S for channel E ∈ IO and E ∈ SIO respectively.
Given an instrument I = { E a } a for a quantum channel E , let us consider a Positive Operator Valued Measurement (POVM) { M b } b with ∑ b M b = I. The probability of successfully discriminating the subchannels in the instrument I by POVM { M b } b for input state ρ is given by
The optimal probability of success in subchannel discrimination of I over all POVMs is given by
If we restrict the input states to be incoherent ones, then the optimal probability of success among all incoherent states is given by
We have the following theorem. 
where I is either I D or I I or I S , denoting the dephasingcovariant, incoherent and strictly incoherent instrument, respectively.
The proof of Theorem 2 is presented in Supplemental Material [42] . This result shows that the advantage of coherent states in certain instances of subchannel discrimination problems can be exactly captured by C max , which provides another operational interpretation of C max and also shows the equivalence among DIO, IO and SIO in the information processing task of subchannel discrimination.
Min-relative entropy of coherence C min (ρ).-Given two operators ρ and σ with ρ ≥ 0, Tr [ρ] ≤ 1 and σ ≥ 0, max-and min-relative entropy of ρ relative to σ are defined as
where Π ρ denotes the projector onto suppρ, the support of ρ. Corresponding to C max (ρ) defined in (2), we can similarly introduce a quantity defined by min-relative entropy,
Since
However, converse direction may not be true, for example, let ρ =
However, C min may increase on average under IO (see Supplemental Material [42] ). Thus, C min is not be a proper coherence measure as C max . Although C min is not a good coherence quantifier, it still has some interesting properties in the manipulation of coherence. First, C min gives upper bound of the maximum overlap with the set of incoherent states for any given quantum state ρ ∈ D(H ),
Moreover, if ρ is pure state |ψ , then above equality holds, that is,
see proof in Supplemental Material [42] . Moreover, for geometry of coherence defined by
, C min also provides a lower bound for C g as follows
Now let us consider again the one-shot version of distillable coherence under MIO by modifying and smoothing the minrelative entropy of coherence C min . We define the one-shot distillable coherence of a quantum state ρ under MIO as
|i and ε > 0. For any ε > 0, we define the smooth min-relative entropy of coherence of a quantum state ρ as follows
where I denotes the identity. It can be shown that C ε min is a upper bound of one-shot distillable coherence,
for any ε > 0, see proof in Supplemental Material [42] . The distillation of coherence in asymptotic limit can be expressed as
It has been proven that C D,MIO (ρ) = C r (ρ) [7] . Here we show that the equality in inequality (17) holds in the asymptotic limit as the C min is equivalent to C r in the asymptotic limit. Given a quantum state ρ ∈ D(H ), then
(The proof is presented in Supplemental Material [42] .)
We have shown that C min gives rise to the bounds for maximum overlap with the incoherent states and for one-shot distillable coherence. Indeed the exact expression of C min for some special class of quantum states can be calculated.
Relationship between C max and other coherence measures.-First, we investigate the relationship among C max , C min and C r . Since D min (ρ||σ ) ≤ S(ρ||σ ) ≤ D max (ρ||σ ) for any quantum states ρ and σ [30] , one has
Moreover, as mentioned before, these quantities are all equal in the asymptotic limit. Above all, C max is equal to the logarithm of robustness of coherence, as
Thus, the operational interpretations of C max in terms of maximum overlap with maximally coherent states and subchannel discrimination, can also be viewed as the operational interpretations of robustness of coherence RoC. It is known that robustness of coherence plays an important role in a phase discrimination task, which provides an operational interpretation for robustness of coherence [28] . This phase discrimination task investigated in [28] is just a special case of the subchannel discrimination in depasing-covariant instruments. Due to the relationship between C max and RoC, we can obtain the closed form of C max for some special class of quantum states. As an example, let us consider a pure
. We have the relationship among these coherence measures,
III. CONCLUSION
We have investigated the properties of max-and minrelative entropy of coherence, especially the operational interpretation of the max-relative entropy of coherence. It has been found that the max-relative entropy of coherence characterizes the maximum overlap with the maximally coherent states under DIO, IO and SIO, as well as the maximum advantage achievable by coherent states compared with all incoherent states in subchannel discrimination problems of all dephasing-covariant, incoherent and strictly incoherent instruments, which also provides new operational interpretations of robustness of coherence and illustrates the equivalence of DIO, IO and SIO in these two operational taks. The study of C max and C min also makes the relationship between the operational coherence measures (e.g. C r and C l 1 ) more clear. These results may highlight the understanding to the operational resource theory of coherence.
Besides, the relationships among smooth max-and minrelative relative entropy of coherence and one-shot coherence cost and distillation have been investigated explicitly. As both smooth max-and min-relative entropy of coherence are equal to relative entropy of coherence in the asymptotic limit and the significance of relative entropy of coherence in the distillation of coherence, further studies are desired on the one-shot coherence cost and distillation.
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where the first inequality comes from the proof of Theorem 1 in [30] , the second inequality comes from the fact that there exists an extended Hilbert space H E , a pure |α ∈ H E and a global unitary U on H ⊗ H E such that
, the third inequality comes from the fact that D max is monotone under partial trace [30], the last inequality comes from the fact that for any set of mutually orthogonal projectors
and the first equality comes from the fact that D max is invariant under unitary operation and
Appendix B: Coherence measure induced from C max Here we introduce a proper coherence measure from C max by the method of convex roof and prove that it satisfies all the conditions (including convexity) a coherence measure need to fulfil. We define the convex roof of C max as follows
where the minimum is taken over all the pure state decompositions of state ρ. Due to the definition ofC max and the properties of C max , the positivity and convexity ofC max are obvious. We only need to prove that it is nonincreasing on average under IO.
Proposition 3. Given a quantum state ρ ∈ D(H ), for any incoherent operation Φ(·)
Proof. Due to the definition ofC max (ρ), there exists a pure state decomposition of state ρ = ∑ j λ j |ψ j ψ j | such that
where |φ
where the third line comes from the fact that for pure state ψ, C max (ψ) = log(1+C l 1 (ψ)), the forth line comes from the concavity of logarithm and the fifth lines comes from the fact that monotonicity of C l 1 under IO as Φ( 
SDP forms have interesting and ubiquitous applications in quantum information theory. For example, it was recently shown by Brandao et. al [47] that there exists a quantum algorithm for solving SDPs that gives an unconditional square-root speedup over any existing classical method.
Lemma 4. Given a quantum state ρ ∈ D(H ),
Proof. First, we prove that
For any positive operator τ ≥ 0 with
Thus we obtain the above equation. Now, we prove that
The left side of equation (C4) can be expressed as the following semidefinite programming (SDP)
where B = I, C = ρ and Λ = ∆. Then the dual SDP is given by
That is,
Note that the dual is strictly feasible as we only need to choose σ = 2λ max (ρ)I, where λ max (ρ) is the maximum eigenvalue of ρ. Thus, strong duality holds, and the equation (C4) is proved.
Lemma 5. For maximally coherent state |Ψ
(ii) For any operator τ ≥ 0 with ∆(τ) = I, there exists a quantum operation E ∈ DIO such that τ = dE † (|Ψ + Ψ + |).
(iii) For any E ∈ IO, τ = dE † (|Ψ + Ψ + |) satisfies τ ≥ 0 and ∆(τ) = I.
(iv) For any operator τ ≥ 0 with ∆(τ) = I, there exists a quantum operation E ∈ IO such that τ = dE † (|Ψ + Ψ + |).
(v) For any E ∈ SIO, τ = dE † (|Ψ + Ψ + |) satisfies τ ≥ 0 and ∆(τ) = I.
(vi) For any operator τ ≥ 0 with ∆(τ) = I, there exists a quantum operation E ∈ SIO such that τ = dE † (|Ψ + Ψ + |).
(ii) For any positive operator τ ≥ 0 with
(iii) If E is an incoherent operation, then there exists a set of Kraus operators
where the third line comes from the fact that for any K µ , there exists at most one nonzero term in each column which implies that i| K † µ |m n| K µ |i = 0 only if m = n, and the forth line comes from the fact that
(iv) This is obvious, as the DIO E given in (ii) is also an incoherent operation.
(v) This is obvious as SIO ⊂ DIO.
(vi) This is obvious as the DIO E given in (ii) also belongs to SIO.
|i and M is the set of maximally coherent states.
Proof. Due to [48] , every maximally coherent can be expressed as |Ψ =
After these preparation, we begin to prove Theorem 1.
Proof of Theorem 1. If E belongs to DIO, that is, we need to prove
where M is the set of maximally coherent states. In view of Lemma 6, we only need to prove
where τ = dE † (|Ψ + Ψ + |. According to Lemma 5, there is one to one correspondence between DIO and the set
Finally, according to Lemma 4, we get the desired result (C5). Similarly, we can prove the case where E belongs to either IO or SIO based on Lemma 5.
Appendix D: Subchannel discrimination in dephasing covariant instrument
Proof of Theorem 2. First, we consider the case where instrument I is dephasing-covariant instrument I D . Due to the definition of C max (ρ), there exists an incoherent state σ such that ρ ≤ 2 C max (ρ) σ . Thus, for any dephasing-covariant instrument
which implies that
Next, we prove that there exists a dephasing-covariant instrument I D such that the equality in (D1) holds. In view of Theorem 1, there exists a DIO E such that
Let us consider the following diagonal unitaries
The set
forms a basis of the Hilbert space and
For any POVM { M k } k and any incoherent state σ , the probability of success is
Thus,
where the second equality comes from the fact that E (σ ) ∈ I for any incoherent state σ , and the second last equality comes from that fact that
Besides, taking
Thus, for this depasing-covariant instrument
Finally it is easy to see that the above proof is also true for I is I I or I S .
Note that the phasing discrimination game studied in [28] is just a special case of the subchannel discrimination in the dephasing-covariant instruments. In the phasing discrimination game, the phase φ k is encoded into a diagonal unitary U φ k = ∑ j e i jφ k | j j|. Thus the discrimination of a collection of phase { φ k } with a prior probability distribution { p k } is equivalent to the discrimination of the set of subchannel
Appendix E: C ε max as a lower bound of one-shot coherence cost
The ε-smoothed max-relative entropy of coherence of a quantum state ρ is defined by,
where D ε max (ρ||σ ) is the smooth max-relative entropy [30] [31] [32] and defined as
Proof of Equation (5). Suppose E is MIO such that
Appendix F: Equivalence between C max and C r in asymptotic case
We introduce several lemmas first to prove the result. For any self-adjoint operator Q on a finite-dimensional Hilbert space, Q has the spectral decomposition as Q = ∑ i λ i P i , where P i is the orthogonal projector onto the eigenspace of Q. Then we define the positive operator { Q ≥ 0 } = ∑ λ i ≥0 P i , and { Q > 0 }, { Q ≤ 0 }, { Q < 0 } are defined in a similar way. Moreover, for any two operators Q 1 and
for any λ ∈ R and ε = 8 Tr { ρ > 2 λ σ } ρ .
Note that in [31] , the above lemma is proved for bipartite states. However, this lemma also holds for any state. 
where d is the dimension of the system and H 2 (ε) = −ε log ε − (1 − ε) log(1 − ε) is the binary Shannon entropy.
Based on these lemmas, we can prove the equivalence between C max and C r in asymptotic limit.
Proof of Equation (6) . First, we prove that
where ρ n,ε ∈ B ε (ρ ⊗n ),σ n ∈ I n and I n is the set of incoherent states of H ⊗n . Due to the definition of D max , we have
where Tr [ρ n,ε ] ≤ Tr [ρ ⊗n ] = 1. Besides, as ρ n,ε − ρ ⊗n ≤ ε, due to the Fannes-Audenaert Inequality (F2), we have
Next, we prove that
Due to the Quantum Stein's Lemma [31, 50] , 
for n ≥ N 0 . Hence,
Appendix G: C min may increase on average under IO
According to [51] , if C min is nonincreasing on average under IO, it requires that C min should be a concave function of its diagonal part for pure state. However, C min (ψ) = − log max i |ψ i | 2 is convex on the diagonal part of the pure states, hence C min may increase on average under IO.
Besides, according the definition of C min for pure state |ψ , one has
However, this equality does not hold for any states. For any quantum state, the inequality (13) in the main context holds.
Proof of Equation (13).
There exists a σ * ∈ I such that
Let us consider the spectrum decomposition of the quantum state ρ, ρ = ∑ i λ i |ψ i ψ i | with λ i > 0 and ∑ i λ i = 1. Then the projector Π ρ onto the support of ρ can be written as Π ρ = ∑ i |ψ i ψ i | and 2 −C min (ρ) = max σ ∈I Tr Π ρ σ .
Besides, there exists pure state decomposition of σ * =
where the first inequality is due to the Cauchy-Schwarz inequality and the second inequality comes from the fact that ∑ i λ i = 1 and |ψ i ψ i | ≤ Π ρ for any i.
Appendix H: Equivalence between C min and C r in asymptotic case
For any ε > 0, the smooth min-relative entropy of coherence of a quantum state ρ is defined as follows 
The following lemma is a kind of generalization of the Quantum Stein' Lemma [53] for the special case of the incoherent state set I , as the the set of incoherent states satisfies the requirement in [53] . Note that this lemma can be generalized to any quantum resource theory which satisfies some postulates [54] and it is called the exponential distinguishability property (EDP) (see [54] ). 
and for every integer n and incoherent state w n ∈ I n with I n is the set of incoherent states on H ⊗n ,
(Strong converse) If there exists ε > 0 and a sequence of POVMs { A n , I − A n } n such that for every integer n > 0 and w n ∈ I n , 
Now, we are ready to prove the equivalence between C min and C r in asymptotic limit. 
Proof of Equation (18).

